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Abstract— Leading cloud providers recently introduced a new
instance type named burstable instances to better match the
time-varying workloads of tenants and further reduce their costs.
In the research community, however, little has been done to
understand burstable instances from a theoretical perspective.
This paper presents the first unified framework to model,
analyze, and optimize the operation of burstable instances.
Specifically, we model the resource provisioning of burstable
instances, identify key performance metrics, and derive the
analytical performance given the resource provisioning decisions.
We then characterize the equilibrium behind tenants’ responses
to the prices offered for different burstable instance service
classes, taking into account the impact of tenants’ actions on
the performance achieved by each service class. In addition,
we investigate how a cloud provider can leverage knowledge
of this equilibrium to find the prices that maximize its total
revenue. Finally, we validate our framework on real traces and
demonstrate its usage to price burstable offerings in a public
cloud.
Index Terms— Cloud, burstable instances, equilibrium, revenue
maximization.

I. I NTRODUCTION
O REDUCE costs for cloud tenants, today’s
Infrastructure-as-a-Service (IaaS) providers offer various
pricing schemes, such as on-demand pricing, spot pricing, and
reserved pricing [2]. Under these pricing schemes, however,
tenants always obtain virtual machines (VMs) provisioned

T

Manuscript received June 22, 2019; revised April 12, 2020; accepted
July 13, 2020; approved by IEEE/ACM T RANSACTIONS ON N ETWORK ING Editor R. La. This work was supported in part by the NSF under
Grant CNS-1751075 and Grant CCF-1453112 and in part by the Air Force
Research Laboratory (AFRL) and the Defense Advanced Research Projects
Agency (DARPA) under Agreement FA8650-18-2-7846, Agreement FA865018-2-7852, and Agreement FA8650-18-2-7862. A preliminary version of this
work was presented at the IEEE International Conference on Computer
Communications (INFOCOM), Paris, France, 2019. (Corresponding author:
Yuxuan Jiang.)
Yuxuan Jiang and Danny H. K. Tsang are with the Department of
Electronic and Computer Engineering, The Hong Kong University of
Science and Technology, Hong Kong (e-mail: yjiangad@connect.ust.hk;
eetsang@ece.ust.hk).
Mohammad Shahrad was with the Department of Electrical Engineering,
Princeton University, Princeton, NJ 08544 USA. He is now with the Department of Electrical and Computer Engineering, The University of British
Columbia, Vancouver, BC V6T 1Z4, Canada (e-mail: mshahrad@ece.ubc.ca).
David Wentzlaff is with the Department of Electrical Engineering, Princeton
University, Princeton, NJ 08544 USA (e-mail: wentzlaf@princeton.edu).
Carlee Joe-Wong is with the Department of Electrical and Computer
Engineering, Carnegie Mellon University, Pittsburgh, PA 15213 USA (e-mail:
cjoewong@andrew.cmu.edu).
This article has supplementary downloadable material available at
http://ieeexplore.ieee.org, provided by the authors.
Digital Object Identifier 10.1109/TNET.2020.3015523

TABLE I
S AMPLES OF M ICROSOFT A ZURE B URSTABLE I NSTANCES [8]

with static amounts of resources, for example, one virtual
CPU (vCPU) and 2 GB memory. On the other hand, empirical
studies [3]–[6] have reported that workloads executed on VMs
in public clouds are usually time-varying. Therefore, given
the static amount of resources provisioned for VMs, tenants
have to book VM configurations that can satisfy their peak
workload demands. This peak-demand subscription strategy
leads to low actual utilization of the resources allocated to
VMs. Take CPU resource utilization as an example. The
utilization is lower than 35% on average according to a
Google cluster trace study [4], and lower than 20% for 60%
of the VMs according to a Microsoft Azure trace study [5].
These observations imply that tenants’ costs can be further
reduced by time-varying resource provisioning. In other
words, VMs receive a high volume of resources for a short
period of time in exchange for fewer resources most of the
time. A new class of VMs, named burstable instances, has
thus been introduced by a number of cloud providers, such as
the t2 and t3 instances of Amazon EC2 [7], B-series instances
of Microsoft Azure [8], and f1-micro and g1-small instances
of the Google Cloud Engine [9]. In this paper, we approach
burstable instances from a theoretical perspective, and present
the first unified framework to model, analyze, and optimize
their operation. We show that cloud providers can use
this framework to understand the performance of burstable
instances and set the corresponding prices to optimize their
total revenue.
A. Background on Burstable Instances
We list a few sample burstable instance configurations
in Table I. A burstable instance has a resource budget quantified by CPU credits. Each CPU credit provides 100% of
the full capacity of a vCPU for a time slot’s duration (e.g.,
1 minute in Microsoft Azure [8]). CPU credits can be used
in fractions, such as spending 0.1 CPU credits for 10% of
a vCPU. The credits are earned at a constant rate per time
slot for an instance, with a limit on the maximum number of
credits that can be buffered. The maximum resource volume
is the maximum amount of resources that an instance can
receive in a time slot, which is one vCPU for all instances
in Table I. On the other hand, the rate of credit earning
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determines the average resource volume (sometimes also
referred to as “baseline”) for an instance. For example, a B1ls
instance in Table I receives 0.05 CPU credits per time slot
(i.e., 1 minute), enabling it to request 5% of a vCPU on
average over time.
Burstable instances are suitable for services that demand
relatively small amounts of resources most of the time, while
occasionally requiring large amounts of resources. For example, VMs operating as hot standbys [10] are usually idle with
low CPU utilizations. When a failover occurs, they demand
high resources to take over the jobs, but only for a short while
until the normal services are recovered. Applications with
periodic workloads, such as periodically updating machine
learning models [11], are also suitable for burstable instances.
Compared to traditional static resource provisioning methods, burstable instances can benefit both tenants and cloud
providers. Tenants no longer need to pay for their peak
resource demands all the time, so their costs are potentially
reduced with fewer resources purchased. Cloud providers can
also benefit in terms of over-commitment.1 Though widely
employed, over-commitment traditionally suffers from the
difficulty of understanding VMs’ CPU utilization patterns,
which providers do not control [4]. Therefore, providers have
to co-locate VMs in a relatively conservative manner to offer a
guaranteed quality-of-service (QoS) level, i.e., the chance that
a VM can successfully receive its requested resources [12].
The CPU utilization of burstable instances, however, is regulated by the CPU credit mechanism, making the utilization
patterns more predictable for providers. Providers may then be
able to co-locate more burstable instances on a server while
still offering a guaranteed QoS level. Moreover, by jointly
optimizing the offered QoS and the prices charged to the
tenants, providers can maximize their total revenues. In this
paper, we provide a framework for them to do so.
B. Our Contributions
Although cloud computing with static resource provisioning
has been extensively studied, burstable instances are still an
emerging research topic with many unanswered questions.
Consider a cloud provider that offers different types of
burstable instances for multiple tenants. Hereinafter, we refer
to tenants as users, and to instance types as service classes
defined by the configuration parameters shown in Table I.
In this paper, we aim to understand three fundamental questions on burstable instances and use them to help cloud
providers (i) estimate the performance of burstable instances,
and (ii) increase their total revenue for operating this service.
How can we define and analytically evaluate the performance of burstable instances? The QoS that a burstable
instance receives is determined by the amount of resources
that a VM is allocated compared to how many it requests,
i.e., how well a user’s resource needs can be fulfilled. Note
that the QoS depends on whether the user’s requests are
allowed by the CPU credit mechanism, as well as how the
cloud provider multiplexes its (over-committed) resources.
Therefore, analytically formulating the QoS representation
is non-trivial as it requires us to mathematically translate
the CPU credit mechanism to CPU utilization patterns and
1 Over-commitment in clouds means the resources allocated to the VMs on
a server can exceed the server’s actual capacity, if the VMs are expected not
to fully utilize their reserved resources simultaneously [4]. Therefore, VMs
may not always receive the full resources that they demand.

integrate the result with the resource multiplexing scheme.
To this end, in Section II, we first formally define the QoS
metric. We model the dynamics of CPU credits as a token
bucket regulation mechanism [13]. Meanwhile, we model
two resource multiplexing schemes for burstable instance
services, random selection and proportional allocation, and
finally derive analytical QoS representations for both of these
multiplexing schemes.
From an individual user’s perspective, which service
class should (s)he select to maximize his/her reward?
We proceed to look at an IaaS cloud that offers burstable
instances with multiple service classes, each configured by
CPU credit parameters and a resource capacity. We refer to
these parameters as service class configurations hereinafter.
A service class charges a price to each user who subscribes to
it. Note that a rational user always favors a service class that
offers higher QoS with lower payment. Therefore, the user
will select the service class where his/her reward, which can
be regarded as his/her valuation of the received QoS minus the
payment, is maximized. In Section III, we analytically derive
users’ service class selections at the Nash equilibrium.
From a cloud provider’s perspective, how should it
price the service classes to maximize its total revenue?
The equilibrium derived above characterizes users’ responses
(i.e., service class selections) to the prices offered by service
classes, accounting for individual users’ heterogeneous QoS
valuations. Note that a cloud provider’s total revenue depends
on both the number of users subscribed to each service class
and the prices that the users should pay for their subscriptions.
Given the service class configurations, a cloud provider can
thus set prices leveraging prior knowledge of the equilibrium
on users’ corresponding subscription decisions to maximize
its total revenue at equilibrium.2 In Section IV, we formulate
a mixed-integer non-linear program to obtain such optimal
prices for the provider. While this problem can be solved
by general-purpose methods for mixed-integer programs [14],
we also propose an algorithm to compute an approximate
solution in a more efficient manner.
Our answers to the three questions above constitute a
framework to model, analyze, and optimize burstable instance
services in IaaS clouds. In Section V, we numerically validate
our framework using real-world traces [5] and show that it
can drastically improve the cloud provider’s total revenue
compared to heuristic pricing methods.
The remainder of the paper is organized as follows. In Sections II, III, and IV, we answer the three aforementioned
questions sequentially, and simultaneously develop our framework. We numerically validate our framework and study one
of its use cases in Section V. Related works are surveyed in
Section VI. We conclude the paper in Section VII. Due to the
limited space, we will present the derivations of all lemmas,
corollaries, and propositions of Section II and Section III in
Appendix B and Appendix C, respectively.
II. P ERFORMANCE M ODELING
In this section, we first introduce the system model of an
IaaS cloud offering burstable instances with multiple service
2 Our revenue maximization problem does not capture the temporal evolution
in the number of users. However, the number of users does not change much
over time according to the state-of-the-art traces [5]. To apply our proposed
methods to real-world public clouds, we can use the user profiles at the peak
for pricing. Although conservative, the derived prices and total revenue are
still shown to be reasonably good (see Section V-C for details).
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Fig. 1. The system model of M service classes in a cloud. A user corresponds
to a VM in the cloud and maintains a token bucket. Users subscribing to the
same service class share a regulator that multiplexes the burstable resources.
A resource request either gets a token from the token bucket and proceeds to
the regulator, or is discarded because there are no longer any available tokens
in the token bucket. The regulator guarantees that the burstable resources
allocated to VMs do not exceed the capacity of a service class.

classes. Then we formally define our QoS metric and analytically derive the QoS that a service class can offer, in terms
of the number of users subscribing to it and the service class
configurations specified by the cloud provider.
A. System Model
We study a slotted time system with N users and M service
classes. The system model is shown in Figure 1. In the cloud,
each service class provides a certain level of QoS. A user is
associated with a burstable instance running in the cloud, and
can subscribe to a service class. Suppose service class j ∈
M = {1, 2, . . . , M } has nj subscribed users. According to an
empirical study on burstable instances [13], the life-cycle of
CPU credits for each user is essentially the same as that of the
tokens in the token bucket model [15]–[17]. We thus employ
a dedicated token bucket for each user, as shown in Figure 1.
In our model, we convert CPU credits to a more fine-grained
unit named tokens. A token stands for the smallest resource
unit that a user can request in a time slot. In the beginning of
a time slot, rj tokens are first generated to the token bucket of
each user subscribing to service class j. As an example of the
CPU-credit-to-token conversion, suppose a token stands for
1% of the full capacity of a vCPU, and the duration of a time
slot is one minute. A B1ls instance shown in Table I receives
0.05 CPU credits per time slot, equivalent to five tokens. The
maximum number of buffered tokens for a user subscribing
to service class j is bj . Moreover, an instance is guaranteed
to receive agrntd token units3 of resources to maintain its
3 We refer to a token unit as a resource unit representing the amount of
resources corresponding to one token.

3

underlying essentials, such as the operating system. Therefore,
even if an instance’s requests are all rejected in a time slot
(for example, due to too many simultaneous requests from
peer instances), the instance will not halt due to receiving
insufficient resources. If we set agrntd = 0, our model falls
back to the basic burstable instance design presented in Table I.
Since guaranteed resources are always available and are the
same for each service class, they do not affect users’ QoS,
and thus agrntd is not included in our following performance
model. Apart from guaranteed resources, in each time slot,
an instance can make requests for more resources. Service
class j reserves cj token units of resources for the requests
from all its subscribers. If the total amount of requested
resources from users exceeds the resource capacity of a service
class, the limited resource capacity should be allocated to users
following a resource multiplexing scheme, which will be discussed later in this sub-section. To sum up, the configuration of
a service class j can be characterized by three parameters, bj ,
cj , and rj , which are set by the cloud provider. Without loss of
generality, we assume that bj , cj , and rj are positive integers in
this paper.
We continue to illustrate how users’ requests are made and
processed in each time slot. Each request is for one token unit
of resources. For example, if the user wants 5% of a vCPU for
a time slot, with one token standing for 1% of a vCPU, a batch
of five requests will be made. A user’s requests are processed
as soon as new tokens for this time slot are accumulated.
As Figure 1 shows, each request checks if there is an available
token in the token bucket; if so, the request proceeds to the user
request regulator and the corresponding token is deducted from
the user’s token bucket. Otherwise, the request will be discarded. Therefore, when the number of available tokens in the
token bucket is smaller than the number of incoming requests
in a time slot, only a partial number of requests, which equals
the number of tokens currently available in the token bucket,
can proceed to the regulator, and the remaining requests are
discarded. The user may make new requests in the coming
time slots if (s)he still demands burstable resources. On the
other hand, when the number of tokens in the token bucket
is no smaller than the number of incoming requests, all of
these requests can proceed to the regulator. This model extends
our earlier work [1], where all requests are simply discarded
without getting any tokens if the number of available tokens
in the token bucket is smaller than the number of incoming
requests.
At service class j’s user request regulator, all requests will
be approved if the total number of received requests does
not exceed the resource capacity, cj . Otherwise, the regulator
will allocate the limited resources to users following some
resource multiplexing scheme. We can consider two schemes,
random selection and proportional allocation. In random
selection, the regulator repeatedly chooses a user uniformly
at random, and admits his/her requests until the capacity cj
is used up. Extending our earlier work [1], we also consider
proportional allocation, where each user receives an equal
proportion (e.g., 90%) of his/her requested resources, so that
the total amount of resources allocated to users sums to the
resource capacity, cj . Hence, a user may eventually receive a
fractional amount of resources. This paper will derive analytical results for both of the multiplexing schemes and provide
insights into their numerical results so that a cloud provider
can have a better idea of which scheme to choose for its
real operation.
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B. Quantifying Users’ QoS
In this paper, we are interested in the analytical form of
a user’s received QoS by subscribing to a service class. For
simplicity, we assume that users are homogeneous in the
statistical patterns of their requests. The probability that a
user has at least one request in a time slot is denoted by
δ. The number of requests that a user makes in a time slot,
given that (s)he has requests to make, is a random variable
θ ∈ [1, θmax ] ∩ Z+ .4 For example, if a token stands for 1%
of a vCPU, with the maximum resource volume as one vCPU
and guaranteed resources as 2% of a vCPU (i.e., agrntd = 2)
for each instance, an instance can request up to 98% of a
vCPU as its burstable resources (i.e., θmax = 98). To simplify
our mathematical model, we suppose that bj > 2θmax , as is
typically the case in practice.5 Denote the probability that
θ takes the value x by P (θ = x). The distribution of θ
can be estimated from historical data of CPU utilization for
a particular application. We assume that P (θ = x) > 0,
x ∈ [1, θmax ] ∩ Z+ . This assumption will be later confirmed
by real-world traces [5] in Section V.
By making θ requests, a user i ∈ N = {1, 2, . . . , N }
subscribing to service class j finally receives φj token units of
resources, where φj is a random variable (that depends on θ).
Note that φj depends not only on bj , cj , and rj , the service
class configurations, but also on nj , the number of peer users
that are concurrently sharing the resources in service class j
with this user. Let θ̃ ∈ [1, θ̃max ]∩Z+ be the number of requests
that can traverse the token bucket and reach the regulator for
a given user in a time slot, given that the user makes requests
in this time slot. Note that θ̃ is a random variable with the
same range as that of θ (i.e., θ̃max = θmax ). Meanwhile, θ̃
is always non-negative, because the token bucket has at least
rj ≥ 1 available tokens (the ones accumulated in the same
time slot) to accommodate potential requests. Given that a user
makes θ requests, there must be at least min{θ, rj } requests
that can traverse the token bucket.
We

 denote the probability
that θ̃ takes the value y by P θ̃ = y .
The QoS that user i subscribing to service class j receives,
denoted by qj , is defined as the probability that the user can
finally receive α (0 ≤ α ≤ 1) of his/her requested resources
in a time slot given that (s)he makes requests in this time
slot, where α is a cloud-provider-specified parameter. In other
words, provided that a user makes θ = x requests in a given
time slot, qj is the probability that this user can finally receive
no fewer than αx token units of resources. Practically, α can be
4 For some applications, the number of requests made in a time slot may be
temporally correlated to that made in previous time slots. However, an IaaS
cloud has neither the knowledge of what applications are running on the VMs
nor the control of these applications. Therefore, our user request model does
not consider such temporal correlation. We will show in Section V that our
model is still accurate for realistic user request patterns from state-of-the-art
public cloud traces [5], which may not be i.i.d. across time.
5 As typical values, suppose one token stands for 1% of a vCPU and the
maximum resource volume for an instance is one vCPU. Let agrntd = 0,
so θmax will go up to 100. Practically, the token bucket size is the total
number of tokens that can be buffered within 24 hours (see Table I). Therefore,
even if the token generation rate is rj = 1, with the duration of a time slot
as one minute, the token bucket size is bj = 1440, much greater than θmax .

qj =

θmax
x=1

P (φj ≥ αx|θ = x) P (θ = x) =

a fractional number that is close to 1, for example, 0.9. In this
case, our performance metric characterizes the probability that
a user receives 90% of his/her requested resources. Our QoS
metric guarantees the tail probability on the fraction of a
user’s resource requests that are ultimately fulfilled. This tail
probability guarantee strategy has been widely adopted in the
cloud computing literature [18], [19].
Similar to existing studies on IaaS clouds [6], [20], our QoS
metric quantifies the resource availability on the infrastructure
level instead of modeling the application-level performance
(e.g., job completion time). A CPU credit (a.k.a. a token) can
be interpreted as an opportunity that a user can spend to obtain
resources. Our QoS metric represents the probability that the
CPU credits can finally turn into the allocated resources.
To understand the infrastructure-level QoS, users who deploy
their applications on the cloud-provided VMs may need to
translate the infrastructure-level QoS to the application-level
performance. Although such a translation is out of the scope
of our paper, which targets an IaaS cloud, we still provide a
few translation examples in Appendix A.
We make comments from a qualitative perspective on how
the service class configurations bj , cj , and rj will affect
the QoS for a given number of users in service class j.
Generally, increasing bj and rj at the token bucket side leads
to a higher chance of the users’ requests passing the token
bucket, as Figure 1 shows. If the regulator’s capacity cj
is underutilized, the QoS of users will improve due to the
increases in bj and rj . However, if the capacity is already
overutilized with a multiplexing scheme in place, to improve
the QoS, we should also increase cj to adapt it to the increased
number of requests that reach the regulator.
We continue to derive the analytical QoS. Assume the
system is stationary. We can formulate qj by enumerating the
probabilities that a user makes x resource requests, with y
requests successfully traversing the token bucket, and finally
receives at least αx token units of resources, as equation (1), at
the bottom of the page. In equation (1), P (φj ≥ αx|θ = x) is
the probability that a user initially makes x requests
 and finally

receives at least αx token units of resources, P θ̃ = y|θ = x
is the probability that exactly y requests successfully traverse
the token bucket for
 a user, given that (s)he
 initially makes
x requests, and P φj ≥ αx|θ̃ = y, θ = x is the probability
that a user finally receives no fewer than αx token units of
resources given that (s)he makes x requests and y requests
successfully traverse the token bucket. Consider a user who
initially makes x requests, with y requests successfully traversing the token bucket. In order for this user to receive no
fewer than αx token units of resources in the end, a necessary
condition is that y ≥ αx. Since y is an integer, in the inner
summation with regard to y in equation (1), we only consider
the situations when αx ≤ y ≤ x.
It can be observed from equation (1) that the value of qj
depends on the following two factors: (i) How many requests
can get the corresponding
 tokens andtraverse the token bucket,
characterized by P θ̃ = y|θ = x ; (ii) Whether enough
requests that have already traversed the token bucket can be
admitted by the regulator after multiplexing with other peer


 

P
φ
≥
αx|
θ̃
=
y,
θ
=
x
P
θ̃
=
y|θ
=
x
P (θ = x) (1)
j
y=αx

θmax x
x=1

Authorized licensed use limited to: Princeton University. Downloaded on September 09,2020 at 15:27:01 UTC from IEEE Xplore. Restrictions apply.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
JIANG et al.: BURSTABLE INSTANCES FOR CLOUDS

5



users’ requests, characterized by P φj ≥ αx|θ̃ = y, θ = x .
In the rest of this section, we will model the token bucket
mechanism and the resource multiplexingscheme at the
 regulator side to get the expression of P θ̃ = y|θ = x and


P φj ≥ αx|θ̃ = y, θ = x , respectively.
1) Modeling the Token Bucket Mechanism: We model the
dynamics of the token bucket as a Markov chain, with the
state defined as the number of tokens in the token bucket in a
time slot, after rj tokens are generated, but before the potential
requests are made and processed. In this case, the token bucket
has at least rj tokens, and thus we have bj − rj + 1 states. Let
state d = rj , rj + 1, . . . , bj be the (d − rj + 1)th state of the
Markov chain with d tokens in the bucket. The state transition
probabilities of the Markov chain are given by Proposition 1.
Note that although this proposition is based on our prior
assumption of bj > 2θmax , our derived results can be easily
generalized to the cases where θmax ≤ bj ≤ 2θmax using the
same methodology. (For each service class, bj ≥ θmax should
always hold to meet the users’ requests.)
Proposition 1: The transition probability Pd→h from state
d to state h for the Markov chain is as follows:
(i) When rj ≤ d ≤ θmax − 1, we have
⎧ θ
max
⎪
δ · k=d
P (θ = k)
h = rj ,
⎪
⎪
⎪
⎪
⎨δ · P (θ = d + rj − h) rj + 1 ≤ h
Pd→h =
≤ d + rj − 1,
⎪
⎪
⎪
1
−
δ
h
= d + rj ,
⎪
⎪
⎩
0
otherwise.
(ii) When θmax ≤ d ≤ bj − rj , we have

Pd→h

⎧
δ · P (θ = d + rj − h) d + rj − θmax ≤ h
⎪
⎪
⎨
≤ d + rj − 1,
=
⎪
1
−
δ
h
= d + rj ,
⎪
⎩
0
otherwise.

(iii) When bj − rj + 1 ≤ d ≤ bj , we have
⎧
⎪
d + rj − θmax
⎪δ · P (θ = d + rj − h)
⎪
⎪
⎪
≤ h ≤ bj − 1,
⎪
⎨
d+rj −bj
Pd→h =
⎪
δ·
P (θ = k) + (1 − δ) h = bj ,
⎪
⎪
⎪
⎪
k=1
⎪
⎩
0
otherwise.
The Markov chain is positive recurrent and aperiodic, so it is
ergodic [21]. Denote the steady-state probability of state d by
πjd . The physical meaning of πjd is the steady-state probability
that there are d tokens available in the token bucket waiting
for potential requests to be processed. We can obtain πjd by
solving the balance equation.
With the Markov

 chain model above, we are ready to derive
P θ̃ = y|θ = x . Note that we always have no fewer than
rj tokens in the token bucket when requests arrive. For this
reason, when 1 ≤ x ≤ rj , all of the requests can traverse the
token bucket, which means


P θ̃ = y|θ = x =

1 y = x,
0 otherwise.

(2)

When rj < x ≤ θ̃max , however, depending on the token
availability in the token bucket, either all or a part of the
requests can traverse the token bucket, and thus
⎧
bj
⎨ d=x πjd y = x,
 ⎪

P θ̃ = y|θ = x = πjy
(3)
rj ≤ y < x,
⎪
⎩0
otherwise.


With the expressions of P θ̃ = y|θ = x derived above,
we can further construct the probability mass function
P θ̃ = y of random variable θ̃ by enumerating all the
possible numbers of requests that a user initially makes,
namely,


 θmax 
P θ̃ = y|θ = x P (θ = x) .
P θ̃ = y =

(4)

x=1

Substituting equations
 (2) and
 (3) into (4), we obtain the full
representation of P θ̃ = y as


P θ̃ = y
⎧
1 ≤ y < rj ,
⎪
⎨P (θ = y) 
 
bj
θmax
y
d
(5)
= P (θ = y)
d=y πj +
x=y+1 P (θ = x) πj
⎪
⎩
rj ≤ y ≤ θ̃max .
The first and second term in equation (5) for rj ≤ y ≤ θ̃max
corresponds to the cases where at least y tokens are available
with y requests being made, and where only y tokens are
available with more than y requests being made, respectively.

We proceed to derive P φj ≥ αx|θ̃ = y, θ = x in equation (1). To this end, we will respectively model the two
multiplexing schemes, random selection and proportional allocation.
2) Modeling the Regulator’s Resource Multiplexing Scheme:
Since we assume
that users are 
homogeneous, it suffices

to derive P φj ≥ αx|θ̃ = y, θ = x from the perspective of
an individual user, who is referred to as the examined user
hereinafter. In what follows, we model random selection and
proportional allocation.
Random selection. Equation (6), 
at the bottom of the next

page shows the analytical form of P φj ≥ αx|θ̃ = y, θ = x
under random selection. First, the amount of resources that
the examined user can obtain is directly related to the number
of requests that also reach the regulator from other peer
users. We denote the number of such peer users by k in
equation (6), with the corresponding probability of occurrence
n −k−1
as njk−1 δ k (1 − δ) j
(recall that δ is the probability a
user makes at least one request), which are the first three terms
inside the outer summation of equation (6).
The random selection scheme can be equivalently described
as the following. The regulator keeps selecting a user uniformly at random to admit his/her requests until all the users’
requests are admitted or the residual capacity is used up.
In the latter case, the regulator will use its residual capacity
to partially satisfy the requests from the last selected user.
Following this scheme, given that there are k + 1 users in
total (including k peer users and the examined user) making
requests in the service class, the probability that the examined
user is the hth (1 ≤ h ≤ k + 1) user to be selected by the
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regulator is 1/ (k + 1). Each peer user l (1 ≤ l ≤ h − 1)
has θ̃l requests reaching the regulator, where θ̃l is a random
variable that can be obtained from
h−1equation (5). The h − 1
previously selected users have l=1 θ̃l requests reaching the
regulator in total. Therefore, the probability that this examined
user is admittedwith no fewer than αx
 token units of resources
h−1
allocated is P
l=1 θ̃l ≤ cj − αx .
Proportional allocation. Equation(7) at the bottom of the

page shows the analytical form of P φj ≥ αx|θ̃ = y, θ = x
under proportional
k allocation. Similar to random selection,
we examine the l=1 θ̃l requests reaching the regulator made
k
by the k peer users. The range of
l=1 θ̃l is [k, k θ̃max ].
Recall that the examined user now has y requests reaching
the regulator. Here, y should be no smaller than αx to meet
the QoS requirement, 
as the index of the inner summation in
k
equation (1) shows. If l=1 θ̃l is no more than cj −y, the total
number of requests received by the regulator does not exceed
its capacity. In this case, all the requests will be admitted,
and the examined user will get y token units of resources.
Otherwise, each user will get his/her share of the total capacity
cj proportional to his/her requested resources. In other words,
the amount
of resources that the examined user receives is
cj y/(y + kl=1 θ̃l ). In view of the QoS metric, we need to
ensure that
cj
y ≥ αx,
k
y + l=1 θ̃l
which yields
k

θ̃l ≤
l=1

c

j

αx


− 1 y.

To sum up, given that k users in service class j have requests
in a time slot, the probability that the examined user can get
no fewer than αx token units of resources is

k

c
j
P
−1 y ,
θ̃l ≤
αx
l=1

which is the last term inside the outer summation of equation (7).
By sequentially substituting equations (2), (3), and (5)
into (6) or (7), and finally into (1), we obtain the analytical
form of qj . When referring to equation (1) as the analytical
QoS for burstable instances in the rest of this paper, we mean
its complete representation after all the above substitutions.
III. E QUILIBRIUM A NALYSIS
Given the service class configuration parameters bj , cj , and
rj , in the last section, we have derived the relationship between
the QoS qj that a service class j can deliver with respect
to its number of subscribers nj , as shown in equation (1).

When operating multiple service classes of burstable instances,
the cloud provider assigns a price pj for each service class j
to charge to the corresponding subscribers. In this section,
we continue to understand the users’ responses, i.e., their
preferred selections of service classes, to the prices issued
by the cloud provider. Specifically, let each user i ∈ N
specify a coefficient ui that represents his/her valuation of
the received QoS (e.g., relationship between the received QoS
and the resulting application-level performance); the user will
therefore harvest a utility of ui qj by subscribing to service
class j. Following prior works in the network economics
literature [22], [23], we assume that each user’s ui value lies
on a continuum with range (0, γ]. Let f (x) be the cumulative
distribution function (CDF) of the random variable ui at
x ∈ (0, γ]. Denote the reward that user i earns by subscribing
to service class j by wi,j , which can be calculated by the
user’s harvested utility minus payment, i.e.,
wi,j = ui qj − pj .

We focus on deriving the Nash equilibrium of users’ service
class selections. From an individual user i’s perspective, at the
Nash equilibrium, (s)he should receive more reward from
his/her selected service class, denoted by η(i), than from other
service classes, which can be mathematically written as
wi,η(i) ≥ max {wi,j , 0} , ∀j ∈ M\{η(i)}.

(9)

Let η(i) = 0 if user i decides not to subscribe to any service
class. According to equation (9), this can happen if all the
service classes deliver negative rewards to this user.
Suppose a Nash equilibrium exists and has been reached.
(The existence of a Nash equilibrium will be proved in
Proposition 2 later in this section.) Each service class j has nj
subscribers and delivers a QoS of qj according to equation (1).
We next analytically characterize the relationship among nj ,
pj , qj , ui , and η(i), i ∈ N , j ∈ M, at the Nash equilibrium.
Our first result finds a sufficient condition that a service
class has no subscribers:
Lemma 1: Consider two service classes, j and k, where
pj < pk . If qj ≥ qk , then nk = 0 at equilibrium.
We know from Lemma 1 that for a service class that charges
a higher price but offers a lower QoS than another service
class at equilibrium, the former service class has essentially
no subscribers. The following corollary elaborates a similar
idea for two service classes that charge the same price.
Corollary 1: For two service classes, j and k, where pj =
pk , if qj > qk , then nk = 0 at equilibrium.
As Corollary 1 suggests, if two service classes charge the
same price but offer different QoS at equilibrium, the service
class that offers a lower QoS has essentially no subscribers.
Note that we should prevent a service class from having no
subscribers at equilibrium because the cloud provider will
derive no profit from it. Therefore, we learn from Lemma 1
and Corollary 1 that the prices of service classes should be



k+1
h−1
nj − 1 k
1
nj −k−1
P
θ̃l ≤ cj − αx
δ (1 − δ)
k+1
k
k=0
h=1
l=1

k


 nj −1 n − 1
c
j
j
nj −k−1
k
P φj ≥ αx|θ̃ = y, θ = x =
−1 y
P
θ̃l ≤
δ (1 − δ)
αx
k



P φj ≥ αx|θ̃ = y, θ = x =

(8)

nj −1 

k=0

l=1
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properly set so that at the Nash equilibrium (i) a service class
that charges a higher price should also offer a higher QoS,
and (ii) the service classes that charge the same price should
offer the same QoS. In the rest of this section, we assume that
the prices of the service classes are set as aforementioned.
Without loss of generality, we index the service classes in
non-decreasing order with respect to the QoS that they offer
at equilibrium (i.e., qj ≤ qk , ∀j < k and j, k ∈ M). Since
we properly set the prices, we have pj ≤ pk , ∀j < k and
j, k ∈ M. Also, if pj = pk , j, k ∈ M, then qj = qk . Also,
we suppose that if two users, i and k with ui < uk , have
decided to subscribe to different service classes with the same
offered QoS (and thus the same price) at equilibrium, their
subscriptions follow η(i) < η(k).
From an individual user’s perspective, we continue to derive
which service class the user will subscribe to. In the next
lemma, we qualitatively illustrate the relationship between
users’ QoS valuations and their service class selections as a
necessary condition for a Nash equilibrium.
Lemma 2: Suppose user i selects service class η(i). For
any user k with a QoS valuation uk > ui , his/her service
class selection η(k) satisfies η(k) ≥ η(i).
We can also derive a sufficient condition when each user
has an incentive to subscribe to a service class.
Corollary 2: Each user will have an incentive to subscribe
to a service class at equilibrium (i.e., ∀i ∈ N , ∃j ∈ M,
wi,j ≥ 0) if p1 = 0.
Lemma 2 shows that users’ service class selections are
monotonic with regard to their QoS valuations: users with
higher QoS valuations ui will subscribe to service classes
with higher QoS levels (i.e., higher indices) at equilibrium.
In other words, as users’ ui values lie on a continuum within
the region (0, γ], we can partition the region into multiple
non-overlapping intervals (0, v0 ), [vj−1 , vj ), j ∈ M \ {M },
and [vM−1 , vM ], where vM = γ. Users with QoS valuations
ui ∈ [vj−1 , vj ), j ∈ M \ {M } will subscribe to service class
j, while users with ui ∈ [uM−1 , uM ] will subscribe to service
class M . When p1 > 0, users with ui ∈ (0, v0 ) do not have
incentives to subscribe to any service class. On the other hand,
if p1 = 0, then v0 = 0 according to Corollary 2, meaning that
all users will have incentives to subscribe to service classes.
Given this quantitative description, we can fully characterize
users’ service class selections by determining the boundary
points {vj , j = 0, 1, . . . , M − 1} of the intervals, at which
a user is indifferent to the choice between the neighboring
service classes. We can establish the relationship between
the number of subscribers nj of service class j and the
corresponding boundary points vj−1 and vj as
nj = N (f (vj ) − f (vj−1 )) , j ∈ M.

(10)

Note that f (vM ) = f (γ) = 1. Define n0 as the number of
users who have no incentive to join any service class. We have
n0 = N f (v0 ).

(11)

With the users’ service class selections defined above, we can
analytically characterize a Nash equilibrium as follows.
Proposition 2: Equation (12) serves as a necessary and
sufficient condition that pj , qj , vj , and nj , j ∈ M, constitute
a Nash equilibrium:
j

pj = v0 q1 +

vk−1 (qk − qk−1 ) , ∀j ∈ M.
k=2

(12)

From an individual user’s perspective, the Nash equilibrium
finds the best trade-off in achieving a high utility ui qj with a
low payment pj , as defined in equation (9). If user i attaches
more importance to the received QoS, (s)he should also have
a higher affordability. The user can then take a higher value of
ui . At equilibrium, the user will be assigned to a service class
that delivers a higher QoS, which correspondingly charges a
higher price. Otherwise, the user should take a smaller value
of ui , which will potentially lead to a lower QoS delivered
and a lower price charged to the user at equilibrium.
From the cloud provider’s perspective, the Nash equilibrium
characterizes users’ corresponding responses (i.e., service class
selections) to the prices set by the provider. In the next
section, we will continue to study how to take advantage of
the knowledge of this equilibrium to set optimal prices.
IV. R EVENUE M AXIMIZATION FOR THE C LOUD P ROVIDER
The equilibrium derived from Section III provides an opportunity for the cloud provider to maximize its total revenue via
optimal pricing. More specifically, with prior knowledge of the
relationship between users’ service class selections and prices,
as given in Proposition 2, the cloud provider can indirectly
control the number of users in each service class via setting the
corresponding prices. Because the total revenue of the provider
is related to both the prices and the actual numbers of users
subscribed to the service classes, we can define a revenue
maximization problem to find the prices that maximize the
provider’s total revenue at the Nash equilibrium.
We optimize the provider’s total revenue given the service class configurations bj , cj , and rj . Also, we consider
n0 and v0 , which characterize the provider’s preference in
accepting users, as pre-specified by the cloud provider. (For
example, a provider that wishes to accommodate every user
will take v0 = 0, with all users being accepted.) We
also let the provider specify another parameter, τ , which
indicates the minimum QoS that each service class should
offer. Let p = [p1 , . . . , pM ]T , q = [q1 , q2 , . . . , qM ]T , n =
[n1 , n2 , . . . , nM ]T , and v = [v1 , . . . vM−1 ]T be the concatenated vectors of decision variables. With the performance
model and user selection equilibrium respectively defined in
Sections II and III, we can formulate the revenue maximization
problem as
M

maximize
p,q,n,v

pj nj ,

(13)

j=1

subject to constraints (1), (10), and (12),
qj ≤ qj+1 , ∀j ∈ M \ {M },
q1 ≥ τ ,
nj ∈ Z+ , ∀j ∈ M.

(14)
(15)
(16)

In the objective function (13), the provider’s total revenue is
the summation over the revenue pj nj gained by each service
class j. Together with constraints (1) and (10), constraint (12)
defines the relationship among the decision variables at the
Nash equilibrium. Since vector q is sorted in a non-decreasing
order at equilibrium, without loss of generality, we configure the service classes as bj ≤ bj+1 , cj ≤ cj+1 , rj ≤ rj+1 ,
j ∈ M \ {M }. Therefore, it is natural to expect that service
classes with richer resources will offer higher QoS levels,
as indicated in constraint (14). Meanwhile, constraints (14)
and (15) jointly guarantee that the QoS qj offered by each
service class j satisfies the minimum requirement τ .
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Algorithm 1 Approximation Algorithm for the Revenue Maximization Problem in Section IV.
Input: Service class configurations {bj , cj , rj , ∀j ∈ M},
provider-specified parameters n0 and v0 , user profiles N , δ,
θ, QoS metric parameter α, and the pre-calculated {nupper
,
j
j ∈ M}.
Output: p, q, n, and v.
1: Relax constraint (16) as a continuous constraint:
nj ≥ 0, ∀j ∈ M.

(17)

Linearly or quadratically approximate constraint (1), and
also constraint (10) if it is neither linear nor quadratic.
3: Construct and solve the semidefinite relaxed formulation
of the revenue maximization problem.
4: Recover feasible solution p, q, n, and v to the original
revenue maximization problem from the optimal solution
to the semidefinite relaxed formulation in Step 3.
5: return p, q, n, and v.
2:

Following similar models from the network economics
literature [22], [23], we use users’ statistical characteristics
(i.e., existing the CDF of ui ) for optimal pricing, as shown in
constraint (14). The realizations of users’ utility parameters ui
may not exactly match the distribution f (·), where the actual
revenue achieved by the cloud provider may deviate from
that derived from our optimization problem. However, this
deviation will be negligible when the total number of users, N ,
is large. We can thus interpret the optimal revenue derived by
our optimization problem as the “expected” revenue (which we
still refer to as the revenue hereinafter for brevity) given users’
statistical characteristics. Our optimal solution also guarantees
constraint (14) with probability one for realizations of ui .
As a mixed-integer non-linear program, our revenue maximization problem is a hard problem in general, which can
incur a high computational complexity to get an optimal
solution by existing general-purpose solution algorithms for
mixed-integer programs in the literature (e.g., brute-force
search) [14]. Therefore, in the rest of this section, we also
propose Algorithm 1, an approximation algorithm, to compute
an approximate solution for the optimization problem in a
more efficient manner. Details of the algorithm are illustrated
as follows.
Taking a close look at the problem structure, we find
that the optimization problem is almost an inhomogeneous
quadratically constrained quadratic program (QCQP)6 except
that we know the exact form of neither the performance
model in equation (1) nor the CDF f (·) in equation (10).
Therefore, the core notion of our algorithm is to construct
an approximate QCQP of the optimization problem, and
then apply semidefinite relaxation (SDR) [24] to relax a few
constraints towards an efficiently solvable convex optimization
problem. Specifically, we first construct an inhomogeneous
QCQP of the original optimization problem by relaxing the
discrete constraint (16) as a continuous constraint (17) and
approximating constraint (1), indicated by step 1 and step 2,
respectively, in Algorithm 1. Depending on the actual form
of f (·), we also need to approximate constraint (10) if it
6 According to the definition in [24], an inhomogeneous QCQP is a QCQP
with linear terms in its objective function and/or constraints.

TABLE II
S ERVICE C LASS C ONFIGURATIONS

is neither linear nor quadratic (but not necessarily convex).
We present Algorithm 1 as a general framework that allows
any approximation method for a linear or quadratic approximation. The reason for not allowing higher-order approximations
is that the resulting formulation after approximation has to
be an inhomogeneous QCQP so that SDR can be applied in
the following steps. We will demonstrate in Section V the
detailed approximation method that we use in deriving our
numerical results. As SDR is a widely-used technique, we do
not elaborate the details of constructing a semidefinite relaxed
formulation in step 3 here, but refer interested readers to
Appendix D-A. The constructed convex optimization problem
can be efficiently solved by well-developed algorithms (e.g.,
interior-point methods [25]). In step 4, we recover a feasible
solution to the original revenue maximization problem from
the optimal solution to the semidefinite relaxed problem. The
detailed algorithm that we use for recovery is presented in
Appendix D-B.
V. N UMERICAL VALIDATION AND C ASE S TUDY
Above, we have defined our theoretical framework to
analytically model the performance of burstable instances,
analyze the user selection equilibrium, and maximize the
total revenue of a cloud provider. In this section, we first
numerically validate this framework and then demonstrate
how it can be used to price a public cloud. A Java-based
simulator is implemented to simulate the operations of token
buckets, regulators, and VMs. The simulations are driven by
the Microsoft Azure traces [5]. Released in 2017, these traces
are the latest characterization of VM resource utilization in
public clouds.
A. Validating Our Performance Model
We validate our performance model (Section II) in this subsection.
1) Simulation Settings: The Microsoft Azure traces record
CPU utilization of VMs at a time granularity of five minutes.
Therefore, the duration of a time slot in our simulations is
also set to be five minutes, and a token refers to 1% of the
full capacity of a vCPU for five minutes. Five different service
class configurations, listed in Table II, are considered in the
simulations. We set the token bucket size bj as the number of
tokens earned in 24 hours, as done in Amazon EC2 [7] and
Microsoft Azure [8]. At the beginning of the time horizon,
every instance is assigned initial tokens for a smooth bootstrap,
the amount of which is equivalent to 1/6 of its token bucket
size. Meanwhile, since the average resource volume received
per instance is no larger than 20% of a vCPU according to
Table II, VMs with an average CPU utilization higher than
20% of a vCPU are excluded from the simulations because
they definitely cannot receive their requested resources and
are thus not suitable for our burstable instance services. (These
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VMs may subscribe to traditional static instances due to their
high volumes of CPU resources requested.)
We sort the instance records in chronological order, and
randomly select 200 of the first 5, 200 records7 as samples to
estimate the parameter δ and the distribution of the random
variable θ ∈ [1, 99] ∩ Z+ . We use these estimates to set
our parameters throughout this section. The remaining 5, 000
instance records are used as testing data in the simulations
in this sub-section. The δ value and the θ distribution are
respectively obtained by simply counting the number of times
that users have resource requests to make and the frequency
of appearance of different θ values in the 200 sample instance
records. Our obtained δ value is 0.9948. Interested readers
can refer to Figure 8 in Appendix E-A for the obtained
cumulative distribution of θ. We confirm from the traces that
P (θ = x) for random variable θ is positive at all integral
points x ∈ [1, 99] ∩ Z+ , meaning that our prior assumption
in Section II-B holds. We also observe that the distribution of
θ has a long tail, indicating that the users’ resource requests
are indeed bursty (i.e., varying significantly over time). The α
parameter in the QoS metric and the QoS lower bound τ are
set to be 0.9 and 0.1, respectively.
2) Results: Our performance model in Section II-B presents
the analytical performance of an individual service class given
its configuration parameters (bj , cj , and rj ) and the number
of subscribers (nj ). Due to the limited space, we take three
of the service classes from Table II, namely, j = 1, 3, and
5, as representatives to validate our performance model. Note
that all five service class configurations listed in Table II will
be considered as we move on to cloud-level simulations with
multiple service classes later in this section. We simulate a
total period of five days, and play back the workloads in
the traces. Our performance models with both the random
selection and proportional allocation schemes will be verified.
In Figure 2, we show comparisons between our analytical
(from Section II) and simulated QoS curves, both obtained
by varying the number of users nj from 1 to 100 for service
classes j = 1, 3, and 5, with random selection and proportional allocation, respectively. In the simulated QoS curves,
a point corresponding to nj users shows the average QoS
over 25 runs, with nj instance records randomly drawn from
the 5, 000 testing records in each run. Qualitatively, it can be
observed from the figure that our analytical curves are close
to their simulated counterparts. The average error ratios of our
analytical curves to the simulated curves for service class j =
1, 3, and 5 is 2.76%, 2.32%, and 0.49% for random selection,
and 2.96%, 2.92%, and 0.76% for proportional allocation,
respectively, which are relatively small. Thus, our analytical
performance model can both qualitatively and quantitatively
well approximate the actual QoS.
3) Insights: Next, we elaborate the insights delivered by
the QoS curves shown in Figure 2. Under the same service
class configuration (e.g., j = 1), the QoS achieved by random
selection and proportional allocation at nj = 1 is the same.
This is because when nj = 1, the examined user has no
other peer users to compete with for resources. Meanwhile,
the resource capacity at the regulator is always sufficient to
accommodate this user’s requests (i.e., cj ≥ θ̃max ). Therefore,
the QoS for nj = 1 represents the probability that α of a
user’s requests can traverse the token bucket, and such a QoS
7 All of these 5, 200 instances start in the first time slot of the time horizon
and have durations longer than five days.
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Fig. 2. The analytical and simulated QoS curves obtained by varying nj
from 1 to 100 for service classes j = 1, 3, and 5, whose parameters are listed
in Table II. Both random selection and proportional allocation are considered.
The error ratios of our analytical curves from (a) to (f) are 2.76%, 2.96%,
2.32%, 2.92%, 0.49%, and 0.76% In summary, our analytical performance
model can approximate the actual QoS.

is not influenced by the multiplexing scheme at the regulator
as long as cj ≥ θ̃max . On the other hand, with the increase of
nj , the QoS achieved by proportional allocation deteriorates
much faster than that achieved by random selection. This is
because under the proportional allocation scheme, when the
total number of requests received by the regulator exceeds
the resource capacity, each user gets an equal proportion of
his/her requested resources that are received by the regulator.
That is to say, if service class j’s regulator receives more than
cj /α requests in a particular time slot, none of the users’ QoS
requirements (i.e., receiving at least α of the user’s requested
resources) can be fulfilled in this time slot. However, if random
selection is applied to the same situation, some of the users
will be selected to receive their full requested resources, while
other users’ requests will be rejected. In this case, even if more
than cj /α requests arrive at the regulator, there will still be
some users whose QoS requirements can be satisfied.
The observations above imply a performance-fairness tradeoff behind the multiplexing schemes. When users’ QoS
requirements cannot be satisfied simultaneously, each user still
receives an equal proportion of his/her resource requests that
reach the regulator under the proportional allocation scheme,
although none of the users’ received resources can achieve
the QoS-required amount (i.e., α of the requested resources).
In contrast, users are no longer guaranteed to receive any
resources under the random selection scheme for this situation.
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The Gini coefficients for the six simulated QoS curves in Figure 2.

Only some of the users can receive their requested resources
with the corresponding QoS requirements satisfied, while the
remaining users will be allocated no resources at all.
To further illustrate the fairness of the multiplexing
schemes, we calculate the Gini coefficient 8 on the ratio of
each user’s received resources to the requests that the regulator
receives for this user in a given time slot. Figure 3 reports the
average Gini coefficient with three service class configurations,
j = 1, 3, and 5, for both random selection and proportional
allocation when we vary nj from 1 to 100. Since users receive
the same proportion of their requests that reach the regulator,
the Gini coefficient for proportional allocation is always 0.
With random selection, it can be observed that when the number of users in the service class (nj ) is small, the corresponding
Gini coefficient is close to 0 because each user receives the
full amount of resources that (s)he requests to the regulator
most of the time. However, with an increase of nj , the Gini
coefficient also increases, as the regulator’s resource capacity
can no longer satisfy all users. In this case, only a selected
group of users are able to receive their requested resources,
making the proportions of received resources for different
users more diverse. Note that the average resources received by
each user over time is the same for the random selection and
proportional allocation schemes, but random selection ensures
users’ requests are occasionally matched.
B. Validating Our Equilibrium and Revenue Maximization
This sub-section validates our equilibrium analysis
(Section III) and revenue maximization scheme (Section IV).
1) Results: Consider that users’ QoS valuations ui follow
a uniform distribution within (0, 1]. The CDF at vj is thus
f (vj ) = vj , j = 0, 1, . . . , M .

(18)

Substituting equation (18) into (10), (11), and (12), we obtain
the analytical equilibrium representation.
Two classes of approaches can be applied to solve our
revenue maximization problem in Section IV, the generalpurpose methods for solving mixed-integer programs [14]
(among which we use the brute-force search algorithm for
the simulations in this section), and the SDR-based Algorithm 1 specifically designed based on our problem structure.
We will evaluate the performance of both approaches. In the
SDR-based approach, a least-squares quadratic approximation
is used to approximate qj in Step 2 of Algorithm 1. Since qj
8 The Gini coefficient is a widely used measure of dispersion on a set of
data. A Gini coefficient takes a fractional value within the range [0, 1], where
0 means the values of the elements in the data set are exactly equal to each
other, while 1 expresses the maximal inequality among the elements. Details
of the Gini coefficient can be found in [26].

is non-increasing in nj , we first use a bi-section method to
find the maximum nj that can satisfy the QoS requirement τ ,
, where qj (nj ) < τ , ∀nj > nupper
. Note
denoted by nupper
j
j
upper
will also be used later in constructing heuristic
that nj
benchmarks to be compared with our proposed approaches.
Next, we numerically calculate qj (nj ) for nj = 1, nj =
, and all the nj that are integral multiples of 20. For
nupper
j
example, if nupper
= 90, we calculate qj (nj ) for nj = 1, 20,
j
40, 60, 80, and 90. These numerically calculated qj (nj ) points
are used for the least-squares quadratic approximation. We will
demonstrate in the upcoming results that this simple approximation method can provide sufficiently good results. Note that
our Algorithm 1 can be combined with any approximation
algorithm that returns linear or quadratic approximations of
qj (nj ).
We compare the results derived from the general-purpose
method (referred to as the optimal approach hereinafter) and
SDR-based Algorithm 1 (referred to as the SDR approach
hereinafter) with two benchmarks: the uniform benchmark
and the Gaussian benchmark, both of which heuristically
determine nj , j ∈ M. Note that n0 users with the lowest QoS
valuations ui do not have incentives to subscribe to service
classes; we then set n0 /N = 0.1. Among the remaining
N − n0 users, the basic idea for the uniform benchmark is
to admit an equal number of users to each service class.
Nevertheless, if (N − n0 ) /M > nupper
for service class j,
j
i.e., a strict uniform allocation would lead to infeasible QoS
users to this service class, and
in class j, we assign nupper
j
equally assign the remaining users to other service classes
with richer resources (i.e., with indices larger than j). The
uniform benchmark is formally presented as Algorithm 3 in
Appendix E-B. The Gaussian benchmark determines nj , j ∈
M \ {M } sequentially, starting from j = 1. To determine
an nj , we first draw a random number ν from a Gaussian

n )/ (M − j + 1) and
distribution with mean (N − j−1
j−1 k=0 k
standard deviation (N − k=0 nk )/3 (M − j + 1). We let
nj = ν if ν ≤ nupper
, and nj = nupper
otherwise. Finally,
j
j
nM is calculated by equation (10). The Gaussian benchmark
is formally presented as Algorithm 4 in Appendix E-B.
By employing the Gaussian benchmark, we aim to randomly
add some non-linearity to the solution and see if a better
performance can be achieved. After vector n is worked out for
the two benchmarks, other decision variables p, q, and v are
then determined by equations (1), (10), and (12) to ensure that
they constitute a Nash equilibrium. Other simulation settings
stay unchanged from those in Section V-A.2. The simulation
parameters are properly selected to ensure the feasibility of
the revenue maximization problem.
When varying N , the total number of users, the corresponding revenues generated by our proposed approaches and the
benchmarks for random selection and proportional allocation
are shown in Figure 4a and Figure 4b, respectively. It can be
seen from the figures that the optimal approach always derives
the maximum revenue. Our proposed SDR approach is also a
good approximation of the optimal approach.
2) Insights: Table III lists the prices (pj ), analytical QoS
(qj ), numbers of admitted users (uj ), and the QoS valuation
boundary points (vj ) generated by our proposed approaches
and the benchmarks for each service class j when N = 250.
(Due to the limited space, we take the statistics of N = 250 as
an example.) This table offers us insights into three interesting
observations from Figure 4.
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TABLE III
S ERVICE -C LASS -W ISE R ESULTS FOR THE N = 250 C ASE IN F IGURE 4.
T HE R ESULT T HAT G ENERATES THE M EDIAN R EVENUE OVER 25
RUNS FOR THE Gaussian S CHEME IS R EPORTED

Fig. 4.

Provider’s total revenue under different schemes by varying N .

First, we elaborate the reasons why our proposed approaches
outperform the benchmarks, as shown in Figure 4. It can
be observed from Table III that our approaches attach more
importance to improving the QoS offered by service classes
with richer resources (i.e., with larger indices) by restricting
them to fewer users. These users also have higher QoS valuations ui according to Lemma 2, resulting in higher utilities
(ui qj ) being achieved. They are thus willing to pay higher
prices, ultimately leading to an increase in the provider’s
revenue.
The second observation from Figure 4 is that random
selection derives a slightly higher optimal revenue than proportional allocation when N ≥ 230, while the opposite is true
when N < 230. To understand this better, we additionally list
the service-class-wise results obtained by the optimal approach
for N = 200 in Table IV. Note that the price for a service
class depends on the differences in the offered QoS between it
and its neighboring service classes according to equation (12).
Intuitively, a service class charges more if it “distinguishes”
itself more from its lower-level service classes in terms of
QoS. Meanwhile, Figure 2 shows that given the same number
of users in a service class, random selection can offer a better
QoS than proportional allocation. Therefore, when the total
number of users N is not large (e.g., N = 200), proportional
allocation offers worse QoS for low-level service classes (with
small indices) than random selection. In high-level service
classes (with large indices), however, there are still few users
and thus little competition among users so that proportional
allocation can still offer good QoS. In this case, the inter-class
QoS differences for proportional allocation are higher than
those for random selection, ultimately leading to a higher total
revenue. However, with the increase of N , the QoS offered
by low-level service classes for proportional allocation will
reach their lower bounds τ . To accommodate more users (e.g.,
when N = 250), the QoS of high-level service classes must
be impaired. On the contrary, random selection can still offer
high QoS for high-level service classes. In this case, random
selection produces larger inter-service-class QoS differences
and thus a higher revenue.9
Our third observation from Figure 4 is that as N increases,
the total revenues derived by the benchmarks get closer to the
optimal revenue for proportional allocation, but get farther
away for random selection. Note that both our proposed
9 Practically, whether to implement random selection or proportional allocation depends on the cloud provider’s understanding of the market as to what
the corresponding parameter N and distribution of ui will be. For example,
proportional allocation may attract fewer users than random selection due
to the lower absolute QoS offered. Interested readers may refer to research
on consumer behaviors for this. The aim of this paper is to help providers
understand the performance and set prices for burstable instances given the
system parameters.

approaches and the benchmarks should guarantee τ , the lower
bound of the QoS offered by service classes. We define
as the corresponding maximum number of users that
nupper
j
service class j can admit to guarantee τ . Figure 2 shows
that nupper
is lower for proportional allocation than it is for
j
random selection with the same service class configurations.
The maximum number of users that proportional allocation
can
under Table II’s service 
class configurations is
M admit
M
upper
upper
= 297. In contrast,
is larger
j=1 nj
j=1 nj
than 1, 000 for random selection. Therefore, when N is
getting closer to 297, especially within [220, 250], as shown
in Figure 4b, the decision space (i.e., the number of feasible
combinations) in n for proportional allocation is shrinking,
while that for random selection is still expanding. Thus, as discussed above, the optimal revenue for proportional allocation
increases less than for random selection with the number of
users. Expanding the decision space, to the contrary, enlarges
the range, and reduces the chances that good performances
will be generated by the benchmarks. Take N = 250 for
proportional allocation, as shown in Table III, as an example.
The number of users admitted by service class 1 reaches its
upper bound nupper
= 39 for both our proposed approaches
1
and the benchmarks, meaning n1 is always at its optimal value.
3) Impact of n0 on Total Revenue: From the provider’s
perspective, n0 /N can be interpreted as the rejection rate
of users. A smaller n0 /N means more users whose QoS
valuations satisfy ui ∈ [n0 /N, γ] will be admitted by service
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TABLE IV
S ERVICE -C LASS -W ISE R ESULTS FOR THE N = 200 C ASE IN
F IGURE 4 BY THE Optimal A PPROACH

Fig. 5.

Optimal total revenues under different n0 /N for random selection.

Fig. 6.

Hourly revenue over five days for the case study in Section V-C.

classes at equilibrium. To understand how n0 influences the
revenue, we vary n0 with N fixed as 150 and 250, and report
the corresponding optimal revenues in Figure 5 for random
selection. Due to the limited space, results for proportional
allocation are not presented as they are similar to those for
random selection. In Figure 5, when n0 /N starts to increase
from 0, the overall ui values of the admitted users also
increase. As fewer users are admitted, the offered QoS qj
increases for service classes. According to equation (8), higher
ui qj values leave more room for providers to set higher prices
pj , so the corresponding revenue rises. On the other hand,
when n0 /N is too high, the number of admitted users becomes
extremely low. Setting higher prices can no longer compensate
for the smaller number of users admitted, ultimately leading
to a decrease in the total revenue.
C. Pricing a Public Cloud: A Use Case Scenario
In this sub-section, we apply our framework to pricing a
public cloud for burstable instance services. The Microsoft
Azure traces are used as the VM workloads. Through trace
analysis, we find that although VMs are dynamically created
and terminated over time, the number of simultaneously running VMs is periodic on a daily basis. Therefore, we regard
the workload records from day 1 and day 2 as historical data,
which we use to calculate the prices. We then run simulations
to evaluate our derived prices using the workload records in a
five-day period from day 3 to day 7.

To accommodate the large number of concurrently running
VMs in the traces, we duplicate each service class j in Table II
675 times, and refer to such a duplicated service class as a
type-j service class. In this case, we have 3, 375 service classes
from five types in total. Other parameters stay the same as
those in Section V-B. We set N = 135, 000, corresponding to
the peak number of VMs in the system over time. We then
partition the service classes into 675 groups, with five different
types of service classes and 200 (= N/675) users in each
group. A 
group can be implemented using 17 (= agrntd ·
M
N/675 + j=1 cj , where agrntd = 0.01) vCPUs. Since a
group represents a separate set of VMs, a VM’s received
QoS depends only on the behaviors of other VMs within the
same group. We can thus calculate the prices for our proposed
approaches and the benchmarks within a group at equilibrium,
the same as in Section V-B. Since groups are homogeneous,
all type-j service classes essentially have the same pj , qj , nj ,
and vj . The simulation parameters are selected to ensure that
we eventually get non-trivial results, which are not extreme
cases and can gain us insights.
The cloud assigns VMs to service classes upon their creations and removes them upon their terminations. When a new
VM i needs to be created, we first check its ui to decide
which service class type it should go to. The VM is then
assigned to the service class that has the minimum number
of active VMs within this type, i.e., VMs that are currently
running. As the QoS and prices are designed with regard to
the peak demand, the actual number of VMs in a service
class is smaller than the designed number most of the time.
In this case, VMs can receive higher actual QoS than that
guaranteed by our pricing approach during off-peak periods.
When an existing VM terminates, we simply remove it from
its service class. We regard our derived prices as the payment
of an active VM for a time slot’s (i.e., five minutes’) duration.
For example, a VM subscribing to service class j for an hour
should pay 20pj in total. We plot the hourly-based revenues
in the time horizon under both our proposed approaches and
the benchmarks in Figure 6. Our optimal approach is shown
to yield the best revenues for both random selection and
proportional allocation. Our SDR approach also generates the
second-best revenues as a good approximation.
VI. R ELATED W ORK
Existing works on burstable instances fall into two classes.
On the infrastructure level, the first class of works studies
how the CPU credit mechanism works. Through extensive
measurements, Leitner et al. [27] verify that the CPU credit
mechanism works as advertised by cloud providers (e.g.,
Table I). Wang et al. [13] further point out that this mechanism
essentially follows a token bucket model [15]–[17]. This
finding has motivated us to model burstable instances and
analytically study the performance. To bridge the gap between
the performance of burstable instances and their commercial
operation, we continue to study how a cloud provider should
price burstable instances for the maximum revenue. To the best
of our knowledge, we are the first to study optimal pricing for
burstable instances.
The second class of existing works focuses on use cases of
burstable instances. Wang et al. [10] present the deployment of
backup services on burstable instances, while Baarzi et al. [28]
present another deployment of web servers and in-memory
cache. Also, both Yan et al. [29] and Ali et al. [30], [31] discuss how to shape the CPU resource utilization of applications
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to make full use of the initial CPU credits assigned to burstable
instances. This class of works on the application level is
different from ours. From a cloud provider’s perspective on the
infrastructure level, we have no control over the behaviors of
applications, but just take and process their resource requests.
Burstable instances and the correspondingly introduced
resource provisioning mechanism have been attracting more
and more attention from the research community. While
burstable instances were initially designed for computation
resources, Park et al. [32] extend them to storage services.
In their proposed system, I/O credits, which follow the same
philosophy as CPU credits of burstable instances, take the role
to regulate users’ received storage resources.
Similar techniques to those employed in our work, such as
token bucket models and optimal pricing, have been used to
address different problems in the literature. For example, token
bucket models have been extensively adopted to regulate data
traffic [15]–[17]. Other works have priced service classes with
differentiated QoS levels in data networks [23], [33]. However,
due to different system dynamics and characteristics, these
results cannot be directly applied to our burstable instance
scenario. Similarly, the distinct features of burstable instances
compared to traditional static cloud instances prevent existing
models on cloud pricing (e.g., [34] and [35]) from being
applied to our scenario.
Some early works have proposed alternative resource
provisioning ideas to tackle bursty workloads in clouds.
Wang et al. [36] propose to aggregate the bursty workloads in
a cloud broker for cost savings to users. The broker reserves
cheap long-term resources from the cloud provider and profits
from the aggregation. A similar notion has been studied in
[37], but the brokerage strategy follows a different business
model and system characteristics to ours. The model we study
stems from current practices in the industry. Another stream
of works has investigated, from the applications’ perspective,
how resource requests should be made via proactive prediction
[38], [39] or online algorithmic decision processes [40], [41],
while our work focuses on how resource requests already made
by users can be accommodated by a cloud provider.
VII. C ONCLUSION
This paper presents a framework to analytically model
the performance of burstable instances given service class
configurations (Section II), characterize users’ selections of
service classes at the Nash equilibrium (Section III), and
maximize the provider’s total revenue by finding the optimal
prices at equilibrium (Section IV). We validate our framework
via trace-driven simulations. The results show that our performance model can estimate the QoS received by burstable
instances with an average error ratio lower than 3%, and
our revenue maximization scheme can increase the provider’s
revenue compared to heuristic methods (Section V).
As the first to study burstable instances from a theoretical
perspective, we regard this work as an initial framework
that captures the fundamental features of burstable instances.
To extend the work, more diverse settings can be integrated
into our framework. For example, we can consider a hybrid
cloud that offers both static and burstable instances. By allocating different proportions of the resources to the two types of
instances, users’ selection behaviors and the cloud provider’s
optimal revenue could be further studied. Another direction
is to continue to study the theoretical bound of our proposed
SDR-based algorithm for revenue maximization.
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